In the real solar system, due to various perturbations, the triangular libration points of the earth-moon system are unstable. However, there are quasi-periodic orbits around them. These orbits show mild instability. Due to the instability, orbit control is necessary for the spacecraft around these points. In the paper, solar sails were taken to fulfill the control. Numerical simulations were made in the earth-moon system. The results showed that taking the surface area to mass ratio of the solar sail as the control parameter can achieve better results than taking the normal angles of the solar sail as the control parameter.
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Introduction
Triangular Libration points in the earth-moon system have fixed configurations with the earth and the moon. This geometrical property is ideal for some space missions. For example, relay stations can be put around them, and the spacecraft can also be sent to these points for deep space observations. Along with the observations on earth, better observation data can be obtained. Besides this, these points are potential candidates for space VLBI (Very Long Baseline Interferometry) observations.
In the restricted three-body problem of the earth-moon system, the mass ratio μ is smaller than Routh's critical value μ 1 = 0.03852…. The triangular libration points are linearly stable in the restricted three-body problem 1) . The dynamics of these points, such as periodic families, stability properties, has been widely studied, under the model of Circular Restricted Three-Body Problem (CRTBP) 2, 3) . However, in the real solar system, various perturbations (mainly the gravitational perturbations from the sun) change their dynamical properties and these points are no longer stable. More accurately speaking, the two triangular libration points lose their dynamical meaning as equilibrium points [4] [5] [6] . Nevertheless, quasi-periodic orbits around them can still be found. These orbits show mild instability. Due to the instability, orbit control is needed for the spacecrafts moving on these orbits for a long lifetime.
Solar sails can produce long-lasting thrusts and do not require any fuels. It's an ideal choice for space missions. They were selected as a means to fulfill the orbit control in this paper. The magnitude and direction of the thrust produced by the solar sail are coupled, and the force is always directed away from the sun. This is one shortcoming of the solar sails. Due to this property, instead of the tight control strategy, we took a loose one. The optimum feedback control law used in the work is similar to the one used in previous works [7] [8] , but these works were mainly about the applications of solar sailing control in the missions around collinear libration point. For applications of solar sailing control around triangular libration point, seldom work has been done. This paper was intended to be a preliminary study of the feasibility of solar sails in the orbit control of spacecraft around these points.
The control strategy needs a pre-determined nominal orbit. A quasi-periodic orbit around the triangular libration point was taken as the nominal orbit. Two sets of control variables were used. One set is the surface area to mass ratio of the solar sail, and the other set is the normal direction angles of the solar sail. Numerical simulations were done in the earth-moon system. The results showed that taking the surface area to mass ratio of the solar sail as the control variable is better.
During the lifetime of the spacecraft, it may be shadowed from the sun by the earth or the moon. The solar sail is of no use when the spacecraft is in the shadow. In order to avoid the shadows, the initial epoch of the nominal orbit is carefully chosen. Since the inclination angle between the moon's and By Xiyun HOU 1),2) , Jingshi TANG 1),2) and Lin LIU 1),2) the sun's orbit planes is small, the z amplitude motion of the nominal orbit is chosen to be large to avoid the shadows too. For a short time mission, these steps can avoid the shadows. For a longer time mission, the spacecraft will encounter the shadows anyway. At the end of the paper, a discussion of this case was made. For the shadows in the paper, cylindrical model was considered.
Dynamics
The thrust produced by the solar sail is inversely proportional to the square of the distance. For the ideal solar sail, the force produced can be written as ( ) In the paper, when we refer to the real solar system, we mean the gravitation model of the sun, the major planets (we still take Pluto as a planet) and the moon. Denote the solar system as ( )
, where 1 9 μ μ − , from inwards to outwards, indicate the reduced masses of the nine planets. 10 μ indicates the reduced mass of the moon and 11 μ indicates the reduced mass of the sun. The positions of the celestial bodies in S can be given by the analytical or numerical ephemeris. In our works, JPL ephemeris DE405 9) was used. Comparing with the restricted three-body problem of the earth-moon system, perturbations from other celestial bodies besides the earth and the moon exist. Figure 1 shows the configuration of the perturbed earth-moon system. In the coordinate rotating with the moon and with the origin at the earth, the motion of the small body can be expressed as ( ) ( ) 
where C is a rotation matrix given by the motion of the moon. i r r is the position vector of the celestial body i μ . i δ r is the position vector from the perturbing body to the small body. Denoting the instantaneous distance between the earth and the moon as k , the coordinates of the two triangular libration points 4 5 ,
In the following, for simplicity, we only discuss the motion around the point 4 L 
, strictly speaking, the triangular libration point 4 L is not an equilibrium point anymore. What exists is the so-called dynamical equivalent [4] [5] [6] , i.e., a quasi-periodic orbit around the point 4 L . For the earth-moon system, the dominant term in the perturbations comes from the sun, so we neglect other perturbing bodies for the first approximation. Since the inclination angle between the moon's orbit plane and the sun's orbit plane is small, the two planes coincide approximately. Under these approximations and 11 11 , r r δ << r r r , the equations of motion can be reduced and analytical approximations of the dynamical equivalent can be obtained [4] [5] [6] . Using these analytical formulas as initial seeds, a numerical algorithm called multiple shooting (or parallel shooting) method can be used to produce quasi-periodic orbits in the real solar system 10) . However, it is unnecessary to use the complicated formulas as initial seeds. The linear results of the circular restricted three-body problem can also be refined numerically to obtain quasi-periodic orbits 6) . Figure 2 shows one quasi-periodic orbit lasting about 600 days. The initial seed for this orbit is the linearized vertical solution (without x, y components) around the triangular libration point in the restricted three-body problem. The orbit was not shielded by the shadows of the earth and the moon. The z amplitude of the orbit is of the order 10 -1 . The initial epoch for this orbit is MJD=54967. MJD is the Julian days from the epoch J2000.0. The solar sail is set to be sun-faced, i.e., 11 
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δ ⋅ = n r . B * is taken to be 1×10 -4 . The symbol "EM" in the figure indicates the length unit.
These quasi-periodic orbits can be used as nominal orbits of the spacecraft. However, these orbits show mild instability. If the spacecraft has an initial orbit insertion error, this error will increase with increasing time. Shown in Figure 3 are the Fig. 2 . A quasi-periodic orbit around the point 4 L for about 600 days. The left frame is x-y projection of the quasi-periodic orbit. The right frame is the projection of the orbit on the x-z plane. 
Control Strategies
In orbit control around the collinear libration point in the earth-moon system, a loose control strategy using low thrust was proposed 11) . We took the strategy in this paper, with low thrust replaced by the control variables of the solar sails.
Denoting the state vector as 
( ) ( )
The optimization of ( ) where ( ) S t is the feedback matrix, satisfying 0
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The boundary condition is ( ) 6 6 (0)
, where f t is the ending time of orbit control. Under the assumption that the nominal orbit is a periodic orbit and f t → ∞ , analytical formulas of ( ) S t can be given 11) . However, we're dealing with quasi-periodic orbits here, so we compute the matrix ( ) S t along with the nominal orbit numerically.
Results
Besides initial orbit insertion errors, other errors such as measurement and control errors may exist. However, for simplicity of study, we only consider initial orbit insertion errors in the numerical simulations.
Controlling , α δ
Taking the orbit in Figure 2 as the nominal orbit, Figure 4 shows our simulation results. The initial orbit insertion error is set to be 10 -5 in , , ξ η ζ directions (that corresponds to a deviation of about 3.85km). 1 k = 10 5 , 2 k = 1. In order to reduce the initial orbit insertion error, 1 k should be large. an actual solar sail. The key point is to keep the solar thrust along the sun-spacecraft line (the line connecting the sun and the spacecraft) while changing its magnitude. As an example, we consider a spacecraft with two identical solar sail wings. The two wings are axially symmetric with respect to the sun-spacecraft line. Such a configuration ensures the composite solar thrust is along the sun-spacecraft line.
Changing the angle between the sun-spacecraft line and the normal angle of each wing, but keeping the axial symmetry, we're able to change the magnitude B * of the composite thrust without changing its direction.
Discussions
The nominal orbit chosen in this paper was not shielded from the sun by the earth or the moon. However, for a longer lifetime requirement, shadows should be considered. In this case, a quasi-periodic orbit considering the shadows can still be constructed numerically. When the spacecraft is in the shadows, we just set 0 B * = . Figure 6 shows such an orbit, lasting about 1640 days. The initial epoch for this orbit is MJD=54967. Fig. 6 . A quasi-periodic orbit which goes into the shadows of the earth and the moon. The left frame is the x-y projection of the orbit. The right frame is the x-z projection of the orbit.
Orbit control can be executed when the solar sail is not in the shadow. When the spacecraft goes into the shadows, we do not control the spacecraft. Since the instability of these orbits is mild, shadows will not cause great deviations. When the spacecraft comes out of the shadow, we control the orbit using solar sail again. The deviation between the actual orbit and the nominal orbit when the spacecraft comes out of the shadow can be taken as initial orbit insertion errors.
Conclusions
Quasi-periodic orbits around the triangular libration point 4 L were found by numerical algorithms. These orbits show mild instability. Orbit control is necessary when they are used as nominal orbits. Solar sails were applied to fulfill the orbit control. Two sets of control variables were studied. It is found that controlling the surface area to mass ratio of the solar sail can achieve better results than controlling the normal angles of the solar sail. At last, the case when the spacecraft goes into the shadows of the earth or the moon was discussed.
